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Abstract 

We tabulate angularly reduced fourth-order many-body corrections to matrix elements for univalent atoms, derived in [A. 
Emmons, Phys. Rev. A 65 , 052115 (2002)]. In particular we focus on practically important diagrams complementary to those ir 
cluster method truncated at single and double excitations. Derivation and angular reduction of a large number of diagrams have 
the help of symbolic algebra software. 



1 Generalities 



This e-print serves as an electronic supplement to Ref. [DE02 . In that paper we derived fourth-order many-body correctic 



univalent atoms. Based on the derived diagrams we proposed next-generation many-body method for calculating atomic 
violating amphtudes. Here I carry out the next necessary step required in a practical implementation of this method — 
relevant diagrams. 



In Ref. [DE02| the fourth-order diagrams were classified using coupled-cluster- inspired separation into contributions from n-pa 
lowest-order wavefunction. It was found that the complete set of fourth-order diagrams involves only connected single, double, 
disconnected quadruple excitations. Approximately half of the fourth-order diagrams is not accounted for by the popular coup] 
truncated at single and double excitations (CCSD). To devise a practical scheme capable of improving accuracies of the exis 
we proposed to combine direct order-by-order many-body perturbation theory (MBPT) with the truncated CCSD methoc 
in Fig. |l|: the CCSD method recovers all many-body diagrams up to the third order of MBPT for matrix elements, but mis 
from the fourth order. Such a fusion of (truncated) all-order methods with order-by-order MBPT promises improved accurac 
violating effects for several practically interesting atoms such as Cs, Fr, and with some modifications to Tl. It is worth noting 



fourth-order diagrams we also devised a partial summation scheme to all orders of MBPT | DE02|| . The discussion of that app 
of the present e-print. 
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Figure 1: CCSD vs order- by-order MBPT for one-particle matrix elements. 



We considered a matrix element of non-scalar operator Z between two states of valence electron w and v. The set of MB 
tary to CCSD is entirely due to omitted triple excitations from the reference Hartree-Fock determinant. We separated thes 
into three major classes by noting that triples enter the fourth order matrix element A4wl via 

1. an indirect effect of triples on single and double excitations in the third-order wavefunction — we denote this class as 

2. direct contribution of triples to matrix elements — class Zix2, 

3. correction to normalization - Z^orm- 

Further these classes are broken into subclasses based on the nature of triples, so that 
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Here we distinguished between valence (Ty) and core (Tc) triples and introduced a similar notation for singles (5*) and d( 
Sv[Tc] stands for an effect of second-order core triples (Tc) on third-order valence singles Sy. The reader is referred to Ref. 
and discussion. Representative diagrams are shown in Fig. || and algebraic expressions are tabulated in the Appendix of Re 




Zox3 (D„[T„]), 36 Zox3 {D4Tc]), 12 ZoxS (Sc[T,]), 8 



Figure 2: Sample fourth-order diagrams involving triple excitations. The one-particle matrix element is denoted by a wavy hori; 
contributions for each class of diagrams is also shown; direct, all possible exchange, and the conjugated graphs of a given diagraj 
contribution. 



1.1 Sample contribution and notation 



Here is a sample fourth-order term derived in Ref. DE02 



ry r a rrri T\ \ ^ Z})y Q acur QnrcmQmwab _ jj.;. i, .1 

Zoxz\^c[Tc\) = - > -—, r-, -t- 7 additional terms -I- h.c.s. 

, ^b) \^7nw ^ab) [^nrw ^abc) 

abcmnr 

In energy denominators, abbreviation exy...z stands for Sx + Sy + ■ ■ ■ e^, with Sx being single-particle Dirac-Hartree-Fock (Dl 
are matrix elements of Coulomb interaction in the basis of DHF orbitals Ui (r) 



g,,ki = / u] (r) u] (r') j^^^u^ (r) m (r') d'V 



The quantities ijijik are antisymmetric combinations gijik — gijik — gijki- The summation is over single-particle DHF states, 
following convention: core orbitals are enumerated by letters a, 6, c, d, complementary excited states are labelled by m, n, r, t 
denoted by v and w. Finally matrix elements of operator Z in the DHF basis are denoted and the h.c.s. contribution is 1 
the hermitian conjugate of all preceding terms and swapping labels v and w. 
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1.2 Angular reduction 



Having introduced building blocks of a many-body contribution to matrix elements, now we proceed to angular reduction, 
a summation over magnetic quantum numbers in a closed form. 

One-particle DHF orbital may be conventionally represented as 

^ ^ r ^ Qn.{r) n-nmif) 

where P and Q are large and small radial components, k ^ [l ^ j) (2j + 1), and il^m is the spherical spinor. Then in Eq. 
orbital i encapsulates summation over principal quantum number n^, angular momentum ji (or k^), and magnetic quantum 

The Wigner-Eckart (WE) theorem |Edm85 | allows to "peel off" m-dependence of various matrix elements. WE theorem 
zj^^ is the Q*"^ component of an irreducible tensor operator of rank K, then the matrix element {niji'mi\z'j^f'^\n2j2'm2) ma 



where {nj\Z^-^">\n'j') is a reduced matrix element. Using the WE theorem and expansion of l/|r — r'| into Legendre polynon 
element (^ is traditionally represented as 

<?abcd = V(-l)''-*'(-ir"-'"" f ^'"^ ) i-iy^-"^^ ( J'" ^ ) XLiabcd) , 

^ ' ^ ' y —mria M nic J \ —nib —^1 nid J ^ ' 

where Coulomb integral 

XL{abcd) = (-l)^(K,||C(^)||K,)(Kfc||C(^)||Krf)i?L(a6cd) 



is defined in terms of reduced matrix element of normalized spherical harmonics C^^'' |VMK88| and a Slater integral exj 
components of single-particle orbitals 



RL{abcd)= I dn[Pa{n)P,in) + Qa{n)Q,{n)] I dr2-^[Pb{r2)Pd{r2) + Qb{r2)Qd{,r2) 



with r< — min(ri,r2) and r> = max(ri,r2). The anti-symmetrized combinations Qabcd — dabcd ~ dabdc ai'e reduced similar 1 
XL[abcd) is replaced with 



ZL{abcd) = XL{abcd) + [L\^ \ ^ 

T.I ^ 



^ t k' }^L'ibacd). 
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Here [L] = 2L + 1. It is worth emphasizing that both ZL{abcd) and XL(abcd) do not depend on magnetic quantum number 



Angular reduction, i.e. summation over magnetic quantum numbers of atomic single-particle orbitals in many-body diagra 
leads to many-body correction to reduced matrix elements, Mwv, as prescribed by the WE theorem (j^) 

where K and Q are the rank and component of the underlying one-particle operator Z . In symbolic calculations it is more 
relation and compute 



— ' \ —m... (J m... 



To derive many-body diagrams and carry out angular reduction we developed a symbolic tool based on Mathematica |Wol 



angular reduction routine |Tak92 . This package allows to work with MBPT expressions in an interactive regime. For examp 
tabulated in the Section || have been generated automatically. Without the help of symbolic tools, the sheer number of diagr 
MBPT would have made the traditional "pencil-and-paper" approach unmanageable and error-prone. The correctness of the 
verified by repeating results of angular reduction for the third-order corrections to matrix elements, tabulated by Johnson, Li 

The results of the angular reduction is given in Section |^. In addition to the Coulomb matrix elements X^labcA) and XL{abc 
used the following notation. Reduced matrix elements of a non-scalar one-particle operator Z are denoted as (i||z||j), K is 
= {-\y^+-, 5^{a,b) = (5,„,,,, and [a] = 2ja + 1. 

As to the angular reduction of h.c.s. terms, it is given simply by adding a phase factor and swapping labels w and v in the : 



h.c.s. (Af^„) = {~l)^-''M^,iw ^ v), 
provided reduced matrix element of one-particle operator satisfies 
(a||z||6) = (-ir-''(6||z||a). 

The relation (||) allows us to carry out angular reduction and code only half of the diagrams, which is of a great utility considi 
of diagrams in the fourth order MBPT. The requirement is not restrictive, it holds for all practically important matri 
electric and magnetic multipoles, hyperfine, and parity- violating matrix elements. 

To reiterate, in this e-print we have tabulated angularly reduced fourth-order corrections to matrix elements for univalent aton 
large number of diagrams we focused on the diagrams complementary to those included in the coupled cluster method trunc 
excitations. The derivation of the diagrams and angular reduction has been carried out with the help of symbolic algebra s 
plan to extend the suite to automatically generate Fortran code for these contributions and to perform numerical evaluatioi 

I would like to thank W.R. Johnson, W.F. Perger, and K. Takada for discussions. This work has been supported in pan 
Foundation. 
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2 Formulae 

2.1 Zix2 (Te) 
■^1x2 {Tc) = 



(-ir^^-™{f m ^^]zLAcbrv)Z,,{rncm)Z,M^ab){a\\z\\n) 

abcmnr L I L2 {^mw ^afe) {^rv ^6c) {^nrw ^a6c) [-^l] 



^_^^a+b+c+L,-m-n-r j^w ^ ZK{mnba) ZL^chrv) ZLArwcm) {a\\z\\n) 

[-^] / Q^^^^j. (^mn ^ab) (^rv ^6c) i^^nrw ^abc) [-^l] 



^-ifm.-n-.-^ ^^^11 ^ L^^^Z,Ahcnv)Z^Mnab)ZUwrcm){a\\z\\r) 

(Smn — Sab) (Snv — £6c) i^nrw — Sabc) [Ll] 
abcmnr L1L3 ^ ' ^ ' ^ / l j 
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J_ (^«(a,w)^K(b,m) (-1)°+^" "+'•+"' XL^{nrcm) ZL^{chnr) ZL^{mwab) (a||-g||^) ^ 

[w] ^—^^^ {Smw - £ab) (Snr ~ £bc) {Snrw " £abc) [b] [Li] 

±\ j2 J2 ^"^""''^^ (_i^b+c+L2+m-»-r+^ ZL.jbcnr) ZLMnah) ZL,{rwcm) {a\\z\\v) ^ 



[R-l X! X] 



(-1)'' " " <! ^ ^2 J I ^ \ XL,{awcd)ZK{mnba)ZL2{cdnv){b\\z\\m) 



■ + 



E E 



[^] b] abfdmn lT' (^mw ~ ^ab) {Snv — £cd) {^mnw — ^bcd) [Ll] 



E E 



abcdmn L1L2L3 {^mv ^cd) i^mw ^ab) i^mnw ^bcd) 



E E 



<5k(&,w) I ^3 } { m ^ ^LAawcd)XL2{mnab)ZL:,{cdmn){b\\z\\v) 



1 j2 d^{a,m) S^{b,w) XL^{ancd) Zoimwab) ZL,{cdmn) {b\\z\\v) _^ 



+ 



abcdmn Li (^""^ ~ ^<'d) (^™'" ~ ^"f-) (^™"«' ~ ^^-^d) V W [^l] 



abcdmn L1L2 

abcdmn L1L3 {^mw ^aft) (^nv ^fed) {^mnw ^6cd) [-^l] 

^_ a+6+c-d+L.-m-n f v; w ^ \ Zj^{andc) ZL^ibdmv) ZLJmwba) {c\\z\\n) 

[i^] / i^rnv - £bd) iSrnw - Sab) {Smnw " £bcd) [L2] 

^ (^_lY-n-v-w ^ K L2 Ll I I ^ ^ XLAmwab)ZK{nrcm)ZL2{abrv){c\\z\\n) 

abcmnr L1L2 {^mw ^ab) (^rv ^ab) {^nrw ^a6c) 



+ 



E E 



/ ^s-c+K+La-v ( L3 L2 Li \ ( V n \ ( V L3 n , ^ , .\ -7 /j, \ -7 / 



, T T r \^mn ^ab) \^rv ^ab) \^nrw ^abc) 

abcmnr L1L2L3 

■sr-^ sr-^ ^k{''^iV) {—l)~'^^^^'^~^^~^~^~^Xi^^{mnah)Zii{rwcm)ZL-^^{hanv) {c\\z\\r) 

[K] b] ) . r i^mn - ^ab) - Eab) (Cnru; " ^abc) [-^^l] 

abcmnr Li 



\ u,,] ) E E 



^«(c,«;) I m } { ^ Li ^3 I -^il("^«'a^)^i^2(^^''cm)ZL3(6anr)(c||2;||^;> 

t^J / L r r r V^mu; ^a6j v^nr ^ab) \^nrw ^abc) 

abcmnr L1L2L3 

1 (^^(a, <^k(c, w) (—l)'''''''^^'''™"""'" (wnat) (6(inm) (awed) (c| jzll?;) ^ 

M ^j^^ {Smn - Sab) {^mn - ^bd) {Smnw - ^bcd) [o] [Li] 

1 (5k(c,w)(— 1) Z]^j^{ancd) Z]^j^{mwba) Zi^^{bdrnn) {c\\z\\v) ^ 

[^-1 abcdmn L1L2 {^mn ^6rf) {.^mw ^ab) {^mnw ^bcd) [-^l] 

_ / J_\ ^ y-v (5k(c, w) Jfc(m, r) XL^{mnab) ZLijbanr) ZL^jrwcm) (c||z||f) ^ 



+ 



M J ^^^^ (S^mn - Sab) {^nr - ^ab) {^nrw - ^abc) [Ll] [m] 



h.c.s. 
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2.2 Zix2 (1?) 



^1x2 (t!^) 



E E 



t; nil"; L ill: X : ^^..(-m.)z..(cM^.3(— ; 



, r r I- X^mw ^ab) \^nr ^bc) \^nrw ^abv) 

abcmnr L1L2LS 



R-i) E E 



5k(c, m) (— l)''"^''"^^ XL^{nrbm) ZKiniwav) ZLiibcnr) {a\\z\\c) ^ 

I-"- I / , r l^m-u; ^av) [^jir ^bc) [^nrw ^abv) I CI 1-^1 1 

abcmnr Li 

abcmnr L I L2 



— Sabv) 

(-!)"""""""'<! 5 r I ^2 ^ I ^Li(r-smt;)Zx(mn6a)ZL,(6«;rs) (a||^;||n) 



+ 



^_^ya+b-c+L,+m-n-r { r m f \ z^irwmv) ZLAbcnr) ZLAmnah) {a\\z\\c) 

1 01 C -Li J 

'■ ' ab7nnrs L1L2 

1 ui) (— l)"^''"''^ " (rs6m) Zjf(mnt;a) (fewrs) (a| |z||n) 

OrOTTlTlTS Li\ 



abmnrs L1L2 



f is 

Ex - I a m r { ] K Li w \ 
\ 5^ d — 5^ i 1- 

^ {Srnn - Sab) (Sns - Sbw) (e nrs ^abv^ [-^l] 



abmnrs LiL^ 

' Li L2 K 



11^^ ?i } ■^^('^'^^^) ■^^sC'^crn) (6||^||c) 



[-^] abcmnr L1L2 (,^7nw ^av) (^nr ^ac) (^nriu ^afeu) 



+ 
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^a+Ls-n+v+w ( Li Lo, K \ ( m W L3 



aocmnr LiLs 



, r r r \^mn ^av) \^rs ^aw) \^nrs ^abv) 

abmnrs L1L2LS 

|._-^^a+6+I,i+m-n-r+s I ^ W ^ | ^^(^^5^) (^^^^g) (^^^^^ |^| |^^) 

ibmnrs L\ {^mn ^av^ (^ns ^atw) (^nrs '^abi; 

J_ j ^ ^ I " J |. 

abmnrs Li 

I ^^K+h-i-n+w ( L3 L2 Li \ ( L3 S W \ ( L3 W S \ ^ , .\ -7 /. \ V C 

^ ^ { a m r i { b L, L2 j { K n ^ ] X.^mwab) Z.^basr) Z.^mm'. 

, r r r V^miu ^ab) \^rs ^ab) \^nrw ^abv) 

abmnrs L1L2L3 ^ ' ^ ' ^ ' 

■ E E 

abmnrs L\L-2 



E E 



Li L2 -L;? \ \ L2 w r } ( L:i w h \ 



^ '^\^ — a+h+K+L\+L2—m—n—r+s 


{ L2 W S ] 

\ n w J 


\ { W L2 s 

\ \ a Li m 


I ZL-^{bars) ZLArwbm) ZL^mnav) (s||-2||) 






— Eabv) [Ll] 



\K]) E E 



\ K L2 Li 1 
1^ a m r J 



,s n 
6 Li L2 



[-"■I/ . r r y^van ^ab) [^rs ^ab) \^7irw ^ahv) 

abmnrs L1L2 



XiAmnab) ZK{rwmv) ZL^abrs) (s||2;||n) 

+ 



abmnrs L1L3 

-a+6+X— n+r 



6^{m, s) (—1) Xt,^ (mnab) ZK{rwmv) Zl^ (bans) {s\\z\\r) 

[K]J ^^^^"J^ i^mn - Sab) {^ns - ^ab) {^nrw - ^abv) [Ll] [tu] 



r„i E E 



L2 L3 Ll \ ] L2 s V 



'^''^'^'^^ 1 a m r li 6 Li L3 f ^Lrimnab) XL^irsmv) ZL^abrs) {w\\z\\n) 



[V\ , T T T \Emn ^ab) (Srs ^ab) (^nrs ^abv) 

'■ ' abmnrs L1L2L3 ^ ' ^ ' ^ ' 



■ + 
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1 (5^(0, m) ^^(n, w) (— l)""'"'' ^'^^ XLi{rsbm) Zf){ninav) ZLiibars) {w\\z\\n) ^ 

L J2 J2 ^^^''^''^ ^_if+b+L2+m-n-s+v z^^[ahns) Z L,{nmav) ZLA-^rhm) {w\\z\\r) ^ 

^^■^ abmnrs L1L2 i^mn ~ ^av) {^ns ~ ^ab) {^nrs ~ ^abv) [-£'2] 

J_ 5n (m, s) 6k (r, v) -n+v -^^^ (mnab) Zl^ {bans) Zl^ {rsmv) {w\\z\\r) 

M u ri (Cmn -£a6) (ens -Eab) (£nrs -£a6u) [i-l] N 

abmnrs L1L3 

h.c.s. 
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^1X2 m 



E E 



^_iyb+K+L.-v f Li n V 1 fLa ^2 ] ( v L, d V x^A^^nav) Z^^iawch) Z^,{cdmn 



d L2 \ \ a c m \ \ b K w 



. , T T T y^TYin ^av) y^mn ^cd) x^mnw ^bcv) 

abcamn L1L2L3 



\K]i E E 



L3 Li K ) ( L3 Li K 
a c m [ \ b d n 



[-"■I/ , , r r \^7nn ^ab) mn ^cd) [^jnnw ^bcv) 

abcamn L1L3 



XL^{mnab) ZK{awcv) ZL^{cdmn) {b\\z\\d) 

+ 



I d ^,||. ^ z,,{cdnm)Z^Anacv)Z^^{mwab){b\\z\\d) 

, , T T \^mn ^cd) K^mw ^ah) \^mnw ^bcv) 1-^1 1 

ahcdrrni L1L2 

my 

ibcdmn L\ (^mn ^cd) (^mw ^ov) (^mnio ^6cv) [-^l] 

^ (^_iy+b+c+Li-m-n-r In ^ ZK{mnba) ZLAcwm) ZL,{racv) {b\\z\\m) 

' E E 



^c+Lg-r+v+ii; / ^3 ^1 \ / ^ -^3 



, r r l^mn ^avj V^nr ^cw) \^mnr ^bcv) 1-^1 1 

abcmnr LiLs 



(-1)^ r ^ ^ ^3 Li ^ I J ^ ^ [> Xj,, (mnat;) ZxCarcb) ^1,3 (cwmn) (6| |r) 



■ + 



^ ^ (^^^ [ K r V f [ a c mj[b L, | ^^.K^^) ^^al™") 



, T r T y^mn ^ab) \^mn ^cw) \^mnr ^bcv) 

abcmnr L1L2LS ^ ' ^ ' ^ ' 
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1 (^^(a, rf) (— l)*'"'''^'''^''''" XL^{mnab) ZK{awcv) ZL^{bdnm) {c\\z\\d) ^ 

i^] J i^rnn - Sab) {^mn - £bd) {Smnw - £bcv) [o] [Ll] 

— ^ ^ — ^ 1" 

abcdmn L1L3 

(-1^^^"^-"+"+'" { ^ - ''^']z,Aarcv)Z,,ibwnr)Z,Mnab){c\\z\\m) 

abcmnr L1L2 {^mn ^ab) (^nr ^6iu) (^mnr ^6c7;) [-^2] 



[-^] M / a^^nr {Smn — ^ab) {Smn — Sbw) {Smnr — Sbcv) [Ll] 



(— 1) n r I ^ TO K Zx(awcw) Zi2(6cnr) ZL2(mna5) (r||z||m) 



2 



[-^] fj^ifQ^nnr L i~rnn Sab) (^nr ^6c) (^mnt/; ^ftcv) [-^2] 



■ + 



^ ^ (^^^ I g b n I I c Ll M m ^ | Z^,(c6rn) Z^3(— ) 



, T T T [Smn Sav) \Snr ^6cj \Smnw Sl^cv) 

abcmnr L1L2L3 ^ ' ^ ' 



/_,NC+if+Li-n+«-TO { K Ll Lx \ ] K r m 
^ ' ' a V w 



} { ^ L2 ii ^Li{(^bnr) ZLi{nacv) ZL2{mwba) {r\\z\\m) 



abcmnr L1L2 (^Smw Sab) (^nr ^6c) (^mnio ^6cv) [-^l] 

1 ^ ^ ^^(a,r)(-l)~''+^+^+"'~"Xi„(an6c)Zj^(mwat;)Zz„(cbnr)(r||^||m) ^ 



E E 



, r r V^Tnr She) [Sjyi^ Sab) \Smnw Sbcv) l-^2l 

abcmnr L1L2 



\T<r] E E 



K r n ^ ( L2 K Ll 
c Ll L2 \ \ a b m 



[-^] abcmnr L I L2 iSmr Sbc) {Smw Sav) [Smnw Sbcv) 



XL^{anbc) ZKimwav) Zi,^{bcmr) {r\\z\\n) 

+ 



(m) S 



5^{m^v) {—!) "+^+^+-^2 n r ^ 2'/,2(?'ocij) ('u;||2||m) ^ 



abcmnr L1L2 



{^mn ^ab) {^nr ^6c) (^mnr ^bcu) [-^2] 
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y-v ^ 5,^{a,n) 6i^{m,v) (-1) ^+''+^'^ XLijarbc) Ziiibcnr) ZL^^jmnav) {w\\z\\m) _^ 

abcmnr L1L3 



E E 



L2 n V \ ( L3 L2 Li 



^Kir,v) \ ^ Li L3 \ \ a b m } ^Lr{arbc) XL,{mnav) ZL^{bcmn) {w\\z\\r) 



aocmnr LiL^L^ 

y-v y-v 5k{t,v) XL^jmnab) Zo{arcv) ZL^jbcnm) {w\\z\\r) _^ 

ibcmnr L± {^mn ^ab) (^mn ^bc) {_^mnr ^bcv) \/[^] [-^l] 
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2.4 Zox3(^.[r.]) 

■2^0X3 ('S'i;[Tl,]) = 



abmnrs L1L2L3 ^^-^ {^mn ^ab) (^nrs ^abf) 



+ 



u,l ) X X 



-a+b+c+L2—m—r—v 

(^n ^u) (^mn ^ab) {^mnr ^6cv) [-^2] 



(5K(n,w)(— 1) " c 2 TO r Zi^^(bcmr) ZLj^{mnba) ZL^{racv) {w\\z\\n) ^ 



abcmnr L1L2 

abmnrs Li ~ ^'') ~ ^o") ~ [-^'l] 

5re(a, m) ^^(n, (— l)~"~''''''^~'^X2;,j(ar&c) Zo{mnav) ZL^{bcmr) {wWzWn) 



I La]} m \ ^Ldarbc) XL^imnav) ZL.,{bcmn) {w\\z\\r) 



„1 ) X X 

(5^(0, c) v) XL^{mnab) Zo{arcv) ZL^{bcnm) (w||2;||r) 



abcmnr L1L2LS {^mn ^av} {^mnr ^bcv) 



■ + 



■^■1 abcrnnr i/ ^'') (^"»" ^afc) (^mnr £^6cj;) ^/M [-^l] 



--if E E 

]_ .-^ J«(s,t;)(-l)"+''+"^+™-"-''+''ZL,(a6nr)Zi,(nmat;)ZL,(rs6m)(w||2||s) 



abcmnr Li 

a+b+L2-\-m—n—r-\-v 

abmnrs L\L2 



\V\ ^ — {Smn ~ ^av) {^nrs ~ ^abv) [-^2] 



/■) '^k(''''' '■') " ^i^L ( n/i/(ib) Z(){r.^in c) Zj^^ {b(iiir) | 1 \ s) ^ 



abmnrs Li ~ ^'"^ {^mn — ^ab) {^nrs — S:abv) [Ll] y[m 

h.c.s. 
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■^0x3 ('S'c[2c]) 
■^0x3 ('S'c[Tc]) = 



[,,,1 XI X] 



^kC^w') I 2i L3 } { m ^ ^L^{awcd)XL:,{mnah)ZL^{cdmn){b\\z\\v) 



+ 



abcmnr L 



^^(a, m) (5k(6, (— 1)" " ^^^(nrcm) Zo(mwa&) ^^^(canr) ^ 



H a5cmnr Li (^■«' ~ ^b) {Smw - Sab) {Snrw - Sabc) vR [Ll] 

Sfiia, m) Snib, w) XL^{ancd) Zo[m'wab) ZL^{cdmn) {b\\z\\v) 

abcdmn Li 



H nbti^r, "l^ i^'^ ~ ^b) {Smw - Sab) {^mnw - Sbcd) -/N [^l] 



1\ ^ ^ S,{b,w) (_i)«+c+i-2+m-n-r+.. Zi^^{acnr) ZLAnmab) Zj^,{rwcm) {b\\z\\v) ^ 

abcmnr L1L2 ~ ^b) (Cmn - Sab) {Snrw — Sabc) [L2] 

Jk(c, w) i ^'2 ^3 Ll \ I L2 n w \ x,^^[mwab) XL^inrcm) ZLsibanr) {c\\z\\v) 



abcmnr L1L2L3 

1 \ (5K(c,w)^K(m,r) {-1)~°'^''^^''~"'~^'" XL^{mnab) ZL^{banr) ZL^{rwcm) (c||^||t;) ^ 

N / ^bir^^ ^3 - So) {Smn - Sab) {Snrw - Saba) [Ll] [m] 



abcdmn L± 

J_ ^ ^ 5^{d, w) (^_iya+b+c+L2-m-n-w ^^^^^-^ (mwbg) Zj:, (nacrf) (d| |^| |^;) ^ 

a5cdTOniiL2 (^'^ ~ ~ ^"'■^ i^rnnw - Sbcd) [-£'2] 



h.c.s. 
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^0X3 (^.[Tc]) 

^0x3(i^.[Tc]) = 



1 ^ ^ S^{a,v) (-l)''~"+'^+-^~"~"~^Xj:,(ancrf) Zjr(mwba) Zj:,(rfcH {b\\z\\m) ^ 



!K] XI X] 



(-1)' " " <{ is j { ^ m ^ii(««^cd)ZK(TOna6)Zz„(cdmt;) (611^1 |n) 



i-^r'*"*'-' { t } { ^' } { i : } a-..(w)z..(,.„.)z..(^..>; 

, J r ^ r [^mw ^ab) \^nw ^bv) \^mnw ^bcd) 

abcamn L1L2L3 



^_l)a+b+c+L^-m-n-r ( w Li \^ ZK{mnab) ZL,{carv) ZLArwcw) {h\\z\\n) 



\ [-^] / abcmnr Li (^mn ^ab) {_^nw ^bv^ {^nrw ^abc) [-^l] 



+ 



E E 



/ -I \-o-6+(-:+X+Li+L2-m-r)J-r \ r L2 ^' \ j L2 r . , \ -7 / A v / W \ 



, _ _ \^7nw ^ab) \^rw ^bv) \^nrw ^abc) l-^ll 

abcmnr L1L2 



(_',\a+K+Li-n-v-w ( K W V ) ( L3 K Li ) 

^ ' \ c Li L:i j \ b m r j 



ZL-^{acnv) ZL^{nmab) ZL^{wrcm) (&||2;||r) 



. r r l^mn ^ab) \^rw ^bv) \^nrw ^abc) 1-^1 1 

abcmnr L1L3 ^ ' ^ ' ^ / l j 

^ ^ [a m r j \ b L, ] [ c K ^ \ ^LAmnab) Z,,{bavr) Z.^m^rr, 

abcmnr L I L2LS ^ ' 



\KV\ E E 



{-Xf " I ^ ^ } { f Li is ^^^A'm.wab)ZK{nrrnc)ZT.^{abnv)lyc\\z\\r) 



/ abcmnr Li L2 {^mw ^ab) {^rw ^cv) {^nrw ^a6c) 



+ 
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EM-^ 6K{m,v) {—1) " ^ XLiimnab) ZK{rwcm) ZLiibanv) {c\\z\\r) 



\L J 1^1/ L r y^mn ^ab) \^rw ^cv) \^nrw ^abc) 1-^1 

abcmnr Li 

, , r T y^mw ^ab) \^mw ^dv) y^mnw ^bcd) l-^ll 
abcamn L1L2 

I . L, n||. n Li^^z^M^cd)Z^,{bcmv)Z,,{mnba){d\\z\\n 

, J r r V^mn ^a6J \^nw ^dv) [^mnw ^bcd) [^21 

abcdmn L1L2 



^_^ya+b-c+d+L,-m-n { V w K ( ZKiancd) ZL,{bcmv) ZL,{mwba) {d\\z\\n) 



h.c.s. 
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zox3 (D.m) 



'.1-m-n-r ( W L\ 1 ^ 

\ a K V j ^ 



^_-^^a+b+c+Li rn li I I ^ 1 Z K{mnab) Z L^{cwrm) Z L^{racv) {b\\z\\n) 



+ 



[jci X] X] 



Z/3 Li iV" 1 r L3 r n 
a c m ( \ b Li K 



I-"- I , r r l^mn ^ab) \^rw ^bv) \^mnw ^bcv) 

abcmnr L1L3 



XL^(mnab) Zxiawcv) ZL^{crmn) (6||2:||r) 

+ 



E E 



(-1) ij^ M M^ rr > XLiimnab) ZL2{arcv) ZLs{cwmn) 



K r V \ \ a c m { \ b Li L 



^2 



, r T T y^mn ^ab) \^rw ^bv) l^mnr ^bcv) 
abcmnr L1L2L3 

I 1 x-a-b+c+if+Li+L2-m-n+r ] T Li V \ \ V T \ r, 1 \ r, 1 \ r, 1 u\ ti,\\ W \ 

(-1) 1^ mj\6 ii- I ^ii(cr'^™)^ii("«ct;)Zi„(mw;a6)(6||2:||r) 

abcmnr L1L2 {^mw ^ab) {^rw ^bv) {^mnw ^6cv) [-^l] 

I ^ ^2 ^^11^ ^ ZL,{arcv)ZL.,ibwmr)ZL2{mnba){c\\z\\n) 

abcmnr L1L2 {^mn ^afe) (^niu ^c?;) (^mnr ^6c?;) [-^2] 



E E 



(-ir+'-^^+'^-'-^-M " l\ ';^\Z,^{bwrm)Z,Arabc)Z,Amnav){c\\z\\n) 



abcmnr LiL 2 



abcmnr L1L2L3 



fft-i ) E E 



(5^(0, r) ( — 1)''^'^'''''^''''" ^ Xi^^[mnab) Z^iawcv) Z]^^{brnm) {c\\z\\r) ^ 



. [-^] / ^^^^^^ (^mn ^ab) (^riu ^cv) i^^mnw ^bcv) \p\ [-^l] 
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{-If " \ TO } 1 1^ \ XLAmnav)ZK{arhc)ZL^{bwmn){c\\z\\r) 

S^iajw) {—1)^^'^'^^'^"^ " XLj^{mnab) Zxiarvc) ZLj^{bwnm) {c\\z\\r) 



/ 1 \ ' l*^ bmjl^LiKvj 



1 r 7/1 

■EE 



I i\ I I "U^ I / V^mn ^ab) \^rw ^cv) y^mnr ^bcv ) 1-^1 1 

abcmnr Li 



■ + 





r Li L, 1 


[] 


[ r A- L , J 


!> ZL^brmf)) Z i^iniivha) Zi.^(jiarr) (c\\z\\r) 






ab) 





(— 1) '=+''^1+'" " I Q ^ ZK{mwav) ZL^{brnm) Zj^^inabc) {c\\z\\r) 



■ + 



E E 

abcmnr L\L^ 

— EE 

I-"- I , r l^mif; ^ ^av) \^rw ^cv) \^ninw ^bcv) 1-^1 J 

abcmnr Li 

^ E E ^ — ^ 

abcdmn L1L3 / l j 

1 ^^(a, f^) (— 1) ^'^"'^^ ™ "'Xij(an6c) Zif(mu'aw) Zij(&c(in) ^ 



^_^ya+b-c-d+L,-m+n i d u \ z K^awcv) Z L^bcmd) Z L,{mnba) {d\\z\\n) 

abcdmn L2 {^mn ^ab) {^nw ^dv) {^mnw ^bcv) [-^2] 



+ 



(-1) ™ a b rn c i^^ . } X.^awbc) Z^bcmd) Z,,inmva) 



K+Ls+n+w / ^2 -L3 Li \ ( L3 d W \ ( V L3 n 



, , _ _ _ V^mn ^av) \^nw ^dv) y^mnw ^bcv) 

abcdmn L1L2L3 



^ ^ (-1)-"+^-^-'^+^+^^+^^-"+" { f ^ Ll}{d K l]zLAancv)Z^^{bcmd)Z,M^ba){d\\z\\n 



abcdmn L1L2 {.^mw ^ab") {^nw ^dv") {^mnw ^6cv) [-^2 



-(i^) E E 

h.c.s. 



K Li L2 ]^ ( L2 K Li 
c d n \ \ a b m 



[K]J 



XLi{a-nbc) ZK{mwav) ZL^{cbdm) {d\\z\\n) 

+ 
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^ ^ S,im,w) (-l)°+''+^~"~''+"+"'Xj:,(r.sbm) ZK{mnva) ZL,{bwrs) {a\\z\\n) 



6^(171, s) "''^^ XL^{nrbm) ZKimwav) ZL^{bsnr) {a\\z\\s) ^ 



— y Y 

[K] ^^^^ {Smw - Sav) {Ssw - £av) [Snrw - Sabv) [Ll] [m, 

abmnrs L1L2 / l j 

abmnrs L1L2 ' l j 



{-if """'l^i ^ f^jjii L2 ^ } ^LArsmv) ZK{mnab) ZL^iawrs) {b\\z\\n) 



E E 



+ 



^if+La-n+u) f Li L2 L3 \ f L2 W r \ f L3 W b 



abmnrs L1L2L3 



E E 



/ -,x-5+A' + L;i-r J Ll L2 1 J L:i \ J ?! L.i .S , , \ 7 f \ 7 f 1 



, T T T \^mw ^ab) \^sw ^bv) \^nrw ^abv) 

abmnrs L1L2L3 ^ ' ^ ' ^ ' 



Ll L2 K \ I L2 -s n 



1 \ ■c-^ ■c-^ la m r I \ b Li K 



XL^nrbm) ZKimwav) ZL^asrn) (6||z||s) 



^ ^^-^^a+b+L^+m-n+r-s | ^ ^ ^ Zj,{rsmb) Zr^Aawuv) Zr^Anmav) {b\\z\\s) 

\ [-^] / abmnrs L\ {.^mn ^av) {.^sw ^hv) (^nrs ^ahv) [-^l] 
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(_,^a+6+K+..+.3-™-n+.-. I 1.3 w b ]^ L, ^ ^ Z.^aronr) Z^Anmab) Z.^irsmv) {bMs) 



abmnrs L1L3 

\a-\-L;-^ — n-^v-^i.t 



E E 



abmnrs L\L^ (^mn ^at;) (^siu ^bv) {^nrw ^a6u) [-^l] 



^^a+6+z,,_„_„+^+« I r ZK{rwmv)ZL,{asnr)ZL^{nmab){b\\z\\s) 



^) E E 



E E 



abcmnr L1L2 



E E 



K Li L2 
6 c n I ] a m r 



1.^1 abcmnr L1L2 i^mn ^ab) i^^nw ^cv) (^nrxu ^o6u) 



XL^{mnab) ZK{rwmv) ZL^{abrc) {c\\z\\n) 

+ 



K\ E E 



^_^^_,+6_e+i„+™-„-. I r m ZK{mwav)ZLMhcn)ZLAnrbm){c\\z\\r) 



+ 



_ J2 Yl [ b L, L, j [ a m n j { c K ^ \ ^LAmwab) Z.Abacn) Z.^jruvrr 

abcmnr L I L2L2 

I ^ Ls - ''^']z,Aabnc)Z,Anmav)Z,,{rwbm){c\\z\\r) 

, T T \^mn ^av) \^rw ^cv) \^nrw ^abv) l-^lj 

abcmnr L I L3 ^ ^ ' / l j 



6fi{c^m) (—1) "''^^'^^ ^ '^XLi(mna6) ZxiTwrnv) ZL^{abcn) {c\\z\\r) 

[^] J Q^jcmnr Li {^mn ^ab) {^rw ^cv) {^nrw ^abv) [c] [-^'l] 



/i.e. 4 
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2.9 Normalization correction 

Finally, the angular reduction of normalization correction due to valence triple excitations is given by 

ZnorM = -\ [Ni^\T,) + Ni^\n)) {W\\Z\\V) , 

with 



2 L3 Li ) ( L2 r V 
m n \ \ b Li L3 



Xli [ravab) X^^ (nrmv) Z^^ (ahnr) 

+ 



abmnr L1L2L3 {^mv — ^ab) (Snr — £ob) 

c Li L3 M a b m } ^LAavbc) XL^imnav) ZL^ibcmn) 



f^^^ abcmnLiL2L3 (^™" ^ ^a^") (^"i" ^ ^^c) 

1 5K{a,c) {—1)°'^''^"^''^'' XLi{mnab) Zo{avcv) ZLiibcnm) ^ 



1 ^2 ^2 '^^ ^ ^ ZL^{anvc) ZL^{mvba) ZL^^bcmn) 

abcmn LiL2 ('^™" ^ ^bc) {£mv - Sab) [Ll] 

SK{a,m) XLi{nrbm) Zo{mvav) ZL-^^ibanr) 



t^-l abmnr L\ 

\/\v\ , fe„, - e„) fe^„ - ej,^)^ \/]aI fLil 



abcmn L\ 



+ 



l_\ ^ ^ {-lf+^+^^+'^-'^-''-''ZL,{abnr)ZLAnmav)ZL^{rvbm) ^ 
1 (5K(m, r) (— l)~"'''''~'"~"Xi^(mna6) Zo(rumt)) Zi,^(6anr) 

^ (£mn - ffab) [Snr - ^abf [Ll] ^/H 



^' abmnr Li 



■ + 
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